On the way to proving Theorem 1 we shall be appealing to several results established by Möhres [3] [4] [5] , as well as imitating some of his proofs. In addition, we shall require a few elementary results that we present here as lemmas. These are preceded by an easy proposition that, in conjunction with Theorem 1, yields the other of our main results, namely Theorem 2. We recall that a Baer group is one in which every cyclic (and hence every finitely generated) subgroup is subnormal.
Proposition. Let p be a prime and let G be a p-group that is also a Baer group. Let Proof. Suppose first that A is Abelian and let g ∈ G. Then A g is nilpotent, since G is a Baer group, and by Lemma 2.2 of [11] there is a positive integer k such that g centralizes A p k . This implies that B g = 1 and hence that B is central in G, and the result follows in this case. In general, we have G/BA nilpotent and hence, by the above, G/A is nilpotent. This in turn implies that G is nilpotent [6, Theorem 2.27] , and the proposition is proved. The first of our lemmas is perhaps worth considering in the context of the Heineken-Mohamed examples referred to above-those groups are Abelian-by-divisible but non-nilpotent, while the following result rules out this possibility in the residually nilpotent case. Lemma 1. Let G be a residually nilpotent p-group that has every subgroup subnormal and suppose that G has a normal nilpotent subgroup K such that G/K is finite or divisible Abelian. Then G is nilpotent.
Proof. If G/K is finite then G = KF for some finite subgroup F, and since F is both nilpotent and subnormal it follows in this case that G is nilpotent (see [2, Proposition 3.3 .12]). So we may assume that G/K is divisible Abelian. Let A = Z K and let N i i ∈ be a descending series of normal subgroups of G with
By induction on the nilpotency class of K we may assume that G/A is nilpotent. For each positive integer i let A i = a ∈ A a p i = 1 . If A G = 1 then of course G is nilpotent, so let us assume the contrary. Then we may choose a positive integer i such that A i G is nontrivial, and by residual nilpotency we have A i > A i G > A i G G = B, say. Choosing a ∈ A i \ A i G and denoting by θ the map from G to A i G /B given by g θ = a g B for all g ∈ G, we see that θ is a homomorphism whose kernel contains K and whose image is therefore divisible and hence trivial. This gives a contradiction that establishes the lemma. Our final prerequisite is a particularly easy one. 
Proof. Let B be a basic subgroup of G 0 ; then B is a direct product of cycles and G 0 /B is divisible (see [7, Sect. 4.3] ). Since F is finite there is a subgroup G 1 of finite index in B with G 1 ∩ F = 1, and since G 1 is also a direct product of cycles the lemma is proved.
Proof of Theorem 1. By our earlier remarks we may assume that G is a p-group. Assume for a contradiction that G is not nilpotent. By [5] G is soluble, and we may assume by induction that G is nilpotent. If Z denotes the center of G then, as in the proof of Lemma 1, G/Z is residually nilpotent. By a further induction we may thus assume that G/Z is nilpotent. Thus there exists a normal nilpotent subgroup N of G with G/N Abelian, and a G-invariant subgroup A of the center of N such that G/A is nilpotent. By Lemma 2 of [3] there is a non-nilpotent subgroup K of G, a positive integer n, and a finite subgroup F of K such that every non-nilpotent subgroup of K that contains F has defect at most n in K. Let K 1 /K ∩ N be a basic subgroup of K/K ∩ N; then K 1 F/K ∩ N is a direct product of cycles and K/K 1 F is divisible, and so by Lemma 1 (and suitable relabeling) we may assume that G/N is a direct product of cycles. By Theorem 12 of [3] G/N has infinite exponent. Let X = C G A/A p . Certainly N ≤ X, and we distinguish two cases.
(i) X is nilpotent-here we may argue as above to reduce to the case where G/X is a direct product of cycles.
(ii) X is not nilpotent-here we may assume that X = G, though we no longer necessarily have (nor require) the existence of the subgroup F and integer n introduced above.
We proceed to establish a contradiction in each case.
(i) Suppose that for every finite subgroup U containing F we have U of defect at most n in G; then A n U ≤ U for all such U. Let bars denote factor groups modulo A X . Since G centralizes A we see that A n U is a finite normal subgroup of G and therefore contained in the hypercenter Y of G, and since A n G is generated by all such A n U we have A n G ≤ Y and hence G/ Y nilpotent (since G/A is nilpotent). This implies that G is hypercentral and hence, by Theorem 2.7 of [4] , nilpotent. It follows that G/X is nilpotent, and hence that G is nilpotent [6, Theorem 2.27]. By this contradiction there is a finite subgroup U of G with F ≤ U and U of defect greater than n. Thus we may choose an element v of G n U \U.
For each nonnegative integer i, let C i = g ∈ G g
We shall construct a residually finite subgroup of G that is not nilpotent, and this will yield a contradiction.
Suppose that we have a finite subgroup F of G and a positive integer i such that F ∩ N i = 1. Let G 0 be an F-invariant non-nilpotent subgroup of G that contains N i ; then there is an F-invariant subgroup J of finite index in G 0 such that J ∩ F ≤ N, since G/N is a direct product of cycles. By Lemma 2 we have N J 
M is non-nilpotent, by (two applications of) Lemma 1, and we may choose a finite subgroup E of M such that the nilpotency class of E is greater than that of F. Now choose an integer j greater than i such that E F ∩ N j = 1 and note that M is E F -invariant and contains N j .
The above argument suggests the inductive step in our construction. Choose a finite subgroup F 1 of G with nilpotency class c 1 ≥ 1 and choose i 1 such that N i 1 ∩ F 1 = 1. By the above, with G 0 = G, there is non-nilpotent subgroup G 1 of G 0 and a finite subgroup F 2 of G 1 with class c 2 > c 1 , such that G 1 ∩ F 1 = 1 and
Furthermore, G 1 may be chosen so that G 1 /N i 1 is a direct product of cycles. Write U 1 = F 1 , U 2 = F 1 F 2 and choose i 2 > i 1 such that U 2 ∩ N i 2 = 1. We proceed as above to obtain a non-nilpotent subgroup G 2 of G 1 with G 2 ∩ U 2 = 1 and U 2 G 2 ≤ N i 2 ≤ G 2 -note that G 2 is U 2 -invariant. In this manner we construct a descending chain G = G 0 > G 1 > G 2 > · · · of non-nilpotent subgroups of G and a sequence F 1 F 2 of finite subgroups of increasing nilpotency class such that, for each i ≥ 1 F i ≤ G i−1 G i is U i -invariant, and G i ∩ U i = 1, where
, which is clearly non-nilpotent , and let h be a nontrivial element of H. Then h ∈ U j for some j and so h ∈ G j , since G j ∩ U j = 1. However, F i ≤ G j for all i > j and so G j ∩ H has finite index in H (note that it is normal in H since U j normalizes G j ). This shows that H is residually finite, and from [10] we obtain the contradiction that H is nilpotent. This completes the proof of the theorem.
